Thermal-mechanical constitutive relations for bulk, single-crystal, wurtzite gallium nitride (GaN) at elevated temperatures, suitable for modeling crystal growth processes, are presented. A crystal plasticity model that considers slip and the evolution of mobile and immobile dislocation densities on the prismatic and basal slip systems is developed. The experimental stress-strain data from Yonenaga and Motoki (2001, "Yield Strength and Dislocation Mobility in Plastically Deformed Bulk Single-Crystal GaN," J. Appl. Phys., 90(12), pp. 6539-6541) for GaN is analyzed in detail and used to define model parameters for prismatic slip. The sensitivity to the model parameters is discussed and ranges for parameters are given. Estimates for basal slip are also provided.
Introduction
GaN, a member of the III-nitrides, possesses some excellent properties including a wide band gap, low thermal expansion, high thermal conductivity, and high melting point, making it valuable for the fabrication of high power transistors and high frequency opto-electronic devices, such as light emitting diodes and laser diodes [1, 2] . GaN may either have a zinc-blende (cubic) or a wurtzite (hexagonal) structure, with the wurtzite form being the most common and thus, the focus of this work.
Currently, the production cost of free-standing GaN substrates remains high because they are difficult to produce. The two leading approaches to making bulk GaN are hydride vapor phase epitaxy (HVPE) and ammonothermal growth. At present, the dominant bulk growth process is HVPE [3, 4] . Due to the thermal and lattice mismatch stresses generated within the crystal during the growth process, production is limited by stress-induced cracks and defects, primarily in the form of dislocations, which limit the performance and lifetime of the devices. The dislocation density in HVPE grown GaN is typically 10 6 -10 8 cm À2 , with the dislocation density decreasing as the GaN layer thickness increases [5] . However, thicker layers have a greater probability of cracking. The ammonothermal growth process, utilizing a solution/reaction mechanism, shows promise in producing bulk GaN crystals with better structural properties, including lower dislocation density (reported as low as 5 Â 10 3 cm À2 ) [6] [7] [8] . Understanding and modeling the thermal-mechanical behavior of single crystal GaN under growth conditions can be used to accelerate improvements in process design to allow for more efficient production of high quality crystals.
While the opto-electrical properties of GaN are well characterized, less is known about the thermal-mechanical behavior of GaN, especially at elevated temperatures. Information on thermalmechanical properties at elevated temperature is crucial for controlling plastic deformation and dislocation formation during crystal growth and device processing and also to improve the opto-electrical properties of the material [9] . For thermalmechanical analysis, it is necessary to characterize the temperature dependent thermal expansion, linear elastic response, and plastic response. While measurements and estimates of the temperature dependent thermal expansion coefficients and elastic moduli have been made for GaN, the yield and plastic behavior is more difficult to characterize.
The thermal-elastic behavior of GaN is fairly well characterized. Leszczynski et al. [10] measured the temperature dependent thermal expansion coefficients in GaN for the temperature range 294-753 K. The thermal expansion coefficients have also been estimated for a much wider range of temperatures (25-1800 K) by Reeber and Wang [11] using a semi-empirical approach and by Wang et al. [12] with a first-principle approach using the density function perturbation theory. Likewise, the elastic moduli have been measured over a temperature range of 100-700 K by Yadav and Pandey [13] , and Reeber and Wang [14] estimate the moduli over a broader temperature range (0-900 K) empirically from corresponding state relationships and data from other hexagonal Grimm-Sommerfeld compounds.
The plastic behavior is associated with the underlying phenomena of dislocation glide on the slip systems and dislocation multiplication and interactions, making it more difficult to model and characterize. The plastic behavior of GaN films has been studied primarily through indentation tests [15] [16] [17] . However, indentation tests are difficult to interpret because they produce a complex stress field below the indenter and induce slip on multiple slip systems [18] . Yonenaga and Motoki [9] performed compression tests on bulk single crystal GaN at temperatures of 900, 950, and 1000 C. Those tests were oriented for single slip on the ½11 20ð1 100Þ prismatic slip system. Recently, Wheeler et al. [19] performed compression tests on {0001}-oriented GaN micropillars in situ in a scanning electron microscope at temperatures up to 479.3 C. Deformation was observed on the < 11 23 > f11 22g pyramidal slip system. Strain rate jump tests were also performed to determine the strain rate sensitivity.
Constitutive models to describe the plastic behavior of semiconductor single crystals are generally based on the model developed by Alexander and Haasen [20] for elemental semiconductors loaded in a single slip orientation. That model relates the plastic deformation in the crystal to the movement and multiplication of dislocations and assumes a power law relating the resolved shear stress and the dislocation velocity. Yonenaga and coworkers have used a modified form of the original Alexander and Haasen model to describe the single slip plastic behavior of elemental semiconductors [21] , III-V compounds [22] , and GaN [9] . Wheeler et al. [19] use a hyperbolic sine model to relate the shear flow stress and dislocation velocity for pyramidal slip in GaN, which is based on the model for steady-state creep first proposed by Garofalo [23] . Crystal plasticity models that extend the single slip models to consider multislip in cubic crystal semiconductors have been developed by Moosbrugger [24] for CdTe, by Kalan and Maniatty [25] for InP, and by Zhang and coworkers [26] for Si.
In this paper, a framework for thermal-elastic-viscoplastic modeling of wurtzite GaN is outlined, and a new crystal plasticity constitutive model is presented. The model considers the hexagonal crystal structure, slip on the prismatic and basal slip systems, and the evolution of mobile and immobile dislocation densities. Model parameters for prismatic slip are determined after a detailed analysis of the GaN compression test data of Yonenaga and Motoki [9] . Model parameter estimates for basal slip are also provided. The sensitivity to the model parameters is discussed. The model is suitable for modeling the thermal-mechanical behavior of GaN under growth conditions for use in process design. The constitutive framework may also be extended to other wurtzite crystals, such as AlN.
Thermal-Mechanical Model Formulation
During crystal growth, due to the thermal-mechanical loads, the crystal will deform thermally, elastically, and plastically. Thus, the crystal strain, assuming small strains and using standard indicial notation [27] , may be expressed as
where superscripts h, e, and p refer to the thermal, elastic, and plastic parts of the strain, respectively.
The thermal strain depends only on the change in temperature through the following relationship:
where a ij and a kl are the temperature dependent components of the thermal expansion tensor with respect to the global and lattice reference frames, respectively, and h o and h f are the initial and final temperatures. The second equation in Eq. (2) represents the rotation from the lattice to the global reference frame. Since GaN has hexagonal crystal symmetry, letting the x 3 axis be aligned with the crystal c axis in the lattice frame (denoted by overbar), the only nonzero components of the thermal expansion tensor are a 11 ¼ a 22 ¼ a a and a 33 ¼ a c , where a a and a c are the thermal expansion coefficients along the crystal a and c directions.
The elastic strain is linearly related to the stress, r ij , at a given temperature
where C ijkl are the temperature dependent components of the fourth-order elasticity tensor with respect to the global reference frame. For hexagonal symmetry, there are only five independent components of C ijkl with respect to the lattice frame. Using the standard contracted notation (see, for example, Bower [27] ), these five independent elastic stiffness components are C 11 ; C 33 ; C 12 ; C 13 , and C 44 . Yadav and Pandey [13] measured the elastic moduli over a temperature range of 100-700 K and Reeber and Wang [14] estimated the moduli over the range 0-900 K. Those results are in fairly good agreement except for the parameter C 12 . In this work, the experimental data of Yadav and Pandey is fit to quadratic curves yielding
where h is the temperature in K and the elastic parameters are in GPa. The plastic strain e p ij depends on the history of the stress and temperature, and is considerably more complex to model as it is associated with the micromechanical mechanism of dislocation motion on crystallographic slip systems and the evolution of dislocation density. The formulation of the crystal plasticity model proposed here is discussed in Sec. 3.
Crystal Plasticity Model
In order to accurately model the plastic behavior of GaN crystals at elevated temperatures, it is necessary to define a crystal plasticity model that is capable of capturing the underlying effects of dislocation motion, multiplication, and interactions. In this work, we modify and expand the model originally developed by Alexander and Haasen [20] . The Alexander and Haasen model is a micromechanical (dislocation dynamical) constitutive model that relates plastic deformation on a single slip system in crystals with a diamond structure to the motion and multiplication of dislocations. Here, we first present a modified form of this model for single slip in GaN. Next, we expand the model to consider slip on multiple slip systems in GaN crystals with a wurtzite structure and link the plastic strain to the stress.
Single Slip Model.
The model starts with the Orowan equation [28] , which relates the rate of plastic shear, _ c, on the slip system to the dislocation motion
where q m is the mobile dislocation density, b is the magnitude of the Burgers vector, and v is the average dislocation velocity. At temperatures above 0.4 T m , where T m is the melt temperature, dislocation glide-controlled power-law creep behavior is expected [29] . The melt temperature of GaN, under high pressure, has been found to be approximately T m ¼ 2200 K [30] , and thus, at temperatures above 880 K (610 C), the dislocation velocity may be expressed in terms of the resolved shear stress s on the slip system as
whereŝ is a shear stress that needs to be overcome to initiate glide
, n is the inverse of the empirical strain rate sensitivity, Q is the activation energy for dislocation glide, k is Boltzmann's constant, and s o and v o are constant reference stress and dislocation velocity, respectively. The stress needed to initiate slip,ŝ, is assumed to have two parts, a constant friction stress,ŝ f , representing the resistance of the crystal lattice to dislocation movement, and a strain hardening term associated with the dislocation-dislocation interactionŝ
where q f is the immobile dislocation density, f is a coefficient typically taken as one-third, and G is the elastic shear modulus. Eqs. (9)- (11) are identical to those proposed by Alexander and Haasen [20] , with the following two exceptions: (a) the mobile, q m , and immobile, q f , dislocation densities are separated here, where Alexander and Haasen assumed a single dislocation density and (b) a friction stress,ŝ f , is added to the stress needed to initiate slip in this work. In addition to the power law relation in Eq. (10), we also consider a power law similar to that frequently used to model viscoplasticity in metals at elevated temperatures [31, 32] 
Finally, evolution equations for the mobile and immobile dislocation densities are needed. Johnston and Gilman [33] proposed 011002-2 / Vol. 137, JANUARY 2015
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where d is the number of dislocations generated per distance moved, and Eq. (9) is used above to obtain the second relation. Dew-Hughes [34] assumed d to be constant, whereas Peissker et al. [35] postulated that d was proportional to the effective shear stress, s eff ¼ s Àŝ. Here, we use dislocation density evolution equations similar to those proposed by Kubin and Estrin [36] , who assume d is constant and also include the immobilization of mobile dislocations being trapped by other mobile and immobile dislocations. Specifically, we assume evolution equations of the form
where g 1 -g 4 are dimensionless constants. The first term in Eq. (14) is the dislocation multiplication term (d ¼ g 1 /b), and the last two terms are associated with the trapping of mobile dislocations by other mobile and immobile dislocations. Those immobilized dislocations then appear as the first two terms in Eq. (15), with the last term in that equation associated with thermally activated recovery, where Q v is the activation energy for lattice diffusion.
Extension to Multislip.
The primary slip systems for GaN are the prismatic < 11 20 > f1 100g and basal < 11 20 > ð0001Þ systems. Under highly constrained loading conditions, slip is sometimes observed on the < 11 23 > f11 22g and < 11 20 > f1 101g pyramidal slip systems, such as in the micropillar tests of Wheeler et al. [19] where the loading was such that no significant shear stress was applied on the basal and prismatic slip systems, or in nano-indentation tests [37] . However, the stress required to move a dislocation on the pyramidal slip systems is significantly higher than that on either the basal or prismatic slip systems, as was shown using molecular dynamics simulations recently for the < 11 20 > f1 101g system [38] . Furthermore, under normal growth conditions, dislocations are observed only on the prismatic and basal slip planes [39, 40] . Thus, in this work, we consider only the three prismatic and three basal slip systems, but the model can be extended to include pyramidal slip systems as well.
The multislip model starts by assuming that plastic deformation is due to slip on crystallographic slip systems such that the plastic strain rate may be expressed as
where _ c a is the rate of plastic shearing on the a system, n s ¼ 6 is the number of slip systems, S a ij is the symmetric part of the Schmid tensor with respect to the global reference frame, s a k and m a l are the slip direction and the slip plane normal for the a slip system with respect to the lattice reference frame. During deformation, the material may rotate as well as strain. The rate of small rotations is
where _ w p ij is the plastic spin due to slip.
The
The remainder of the model is an extension of the single slip model to the multislip case. Equations (9) 
depending on which power law relation is used. The stress needed to initiate slip is expected to be different on the basal and prismatic slip systems, but is assumed to be the same on all slip systems of the same type t, and is expressed aŝ
where
Þ for prismatic slip. Adopting a framework similar to thats proposed by Beyerlein and Tom e [41] for Zr, which also has a hexagonal crystal structure, we assume evolution equations for the dislocation densities on the basal and prismatic slip systems of the form
where Eq. (25) indicates summation over the slip systems a that are in type t of the shear rates.
To estimate the material parameters in the proposed model, we focus on the experimental data for single slip on the prismatic slip systems presented in Yonenaga and Motoki [9] . We start with a detailed study of the data presented in Yonenaga and Motoki to determine parameters for the prismatic slip systems. Then, using the results of the molecular dynamics dislocation mobility study by Weingarten and Chung [38] , we estimate parameters for basal slip.
Prismatic Single Slip Data Analysis
The stress-strain response of GaN at elevated temperatures was first measured by Yonenaga and Motoki [9] using a uni-axial compression deformation experiment on single crystal GaN oriented for single slip on a prismatic slip system. Specifically, the ½11 20ð1 100Þ slip system was inclined by 45 deg from the compression axis. Tests were performed at temperatures of 900, 950, and 1000 C. The authors report an applied macroscopic shear strain rate of 4.5 Â 10 À4 s À1 . However, since it was a compression test, a compressive strain rate must have been applied, and the authors deduced the reported shear strain rate on the prismatic slip system. Figure 1 shows a diagram of the oriented crystal sample, where the lattice coordinates x 1 and x 2 are aligned with the slip direction [11 20] and opposite the slip plane normal direction (1 100). For single slip and using Eqs. (16) and (18), we obtain relations for the applied compressive plastic strain rate and stress in terms of the shear strain rate and resolved shear stress Figure 2 shows plots of the data reported in Yonenaga and Motoki [9] , where the bottom and left scale are apparent shear strain, c app , and resolved shear stress, s, respectively. Here, we add the top and right scale, which we assume to be the actual applied apparent compressive strain, e app ¼ Àe app 22 , and measured compressive stress, r ¼ Àr 22 , where
and r ¼ 2s (28) based on Eqs. (26) and (27), where the apparent applied compressive strain is equated to the plastic compressive strain assuming negligible elastic strains [42] . The stress-strain curves at all temperatures are characterized by an apparent elastic increase in the stress, a smooth yield behavior, and a subsequent gradual increase in the stress with strain. A significant stress drop in the yield region, which is typical for various elemental and compound semiconductors, such as Si [43] and InP [44, 45] , is not observed for GaN in these tests. While the stress drop is found to be reduced or to disappear in other semiconductors when the initial dislocation density is relatively high (above 10 6 cm À2 ) [43] , at higher temperatures [44] , and at lower strain rates [45] , the conditions here are comparable to those where a stress drop is observed. Specifically, the initial dislocation density in the GaN sample was reported to be about 10 5 cm À2 . The homologous temperatures of the tests are in the range of T h ¼ 0.42-0.46, which is a lower homologous temperature range than that studied in Yonenaga and Sumino [44] for InP, where substantial yield stress drops were observed with a comparable strain rate on the order of 10 À4 s À1 . It is interesting to note that a stress drop was also not observed in similar compression tests on 6H-SiC, another semiconductor with a wurtzite structure that was oriented for single slip on the basal plane [46] .
For the linear, presumably elastic, part of uni-axial stress-strain curves in Fig. 2 , the slopes are in the range of 6000-8000 MPa. The linear elastic region should have a slope equal to the elastic modulus for the given orientation, which for GaN at the temperatures tested is in the range of 320-330 GPa. The observed reduced slope is typically attributed to machine compliance [24, 33] , that is, not only is the crystal deforming, but because the crystal is very stiff relative to the testing machine, the testing machine is also deforming. To correct the data for machine compliance, the compliance of the testing machine is modeled as a spring (linear elastic material) in series with the test specimen, because data shows linear loading curves. Letting e m and e e be the compressive machine and elastic strains in the sample, then
where E m is the effective elastic modulus of the machine, and E s , the elastic modulus of the GaN sample, which for the given orientation is
Using the linear part of the data from each curve, we obtain approximate values for E m of 7800, 6600, and 5900 MPa at 900, 950, and 1000 C, respectively. The machine compliance strain may now be removed from the strain data, specifically the true compressive strain in the sample e is
where the machine is assumed to remain linear elastic throughout the test. Stress-strain curves corrected for machine compliance are shown in Fig. 3 . The plastic strain and strain rate may also be computed now. The compressive plastic strain is computed using Eq. (1)
For each point along the original experimental curves in Fig. 2 , we know c app ¼ _ c app t ¼ ð4:5 Â 10 À4 s À1 Þt, and, thus, we know the time, t, for each data point. Using the averaging method in Anderssen and Hegland [47] , which allows the stable computation of low order derivatives from observational data, we compute the compressive plastic strain rate, _ e p . For the single slip geometry, using Eq. (26), we may then find the plastic shear rate, _ c ¼ 2 _ e p , which is plotted in Fig. 4 against the plastic shear strain. It is Fig. 1 Orientation of the GaN hexagonal lattice relative to the compression experiment, where the x 1 , x 2 are coordinates of the global reference frame with x 2 aligned with the compressive axis, and x 1 ; x 2 are the lattice reference frame coordinates Fig. 2 Stress-strain curves of GaN bulk single crystals, based on data from Yonenaga and Motoki [9] 011002-4 / Vol. 137, JANUARY 2015
Transactions of the ASME interesting to note that the rate of shearing on the slip system is evolving over a substantial part of the test and never reaches the apparent applied rate of 4.5 Â 10 À4 s À1 due to continued hardening. Since the plastic strain rate is changing, the data contain information on the rate sensitivity, which would not be available if the data were for a uniform strain rate.
Model Parameters
We can use the preceding analysis of the Yonenaga and Motoki [9] data to fit the model parameters for prismatic slip, t ¼ p, in Eqs. (19)- (25) . The magnitude of the Burgers vector for GaN in both prismatic and basal slip is b ¼ 3.2 Å , and we assume the initial mobile and immobile dislocation densities are q m0 ¼ q f0 ¼ 10 9 m À2 , equal to the reported initial dislocation density. We also assume a reference shear stress of s o ¼ 1 MPa and coefficient f ¼ 1=3. Since the hardening curves do not appear to be saturating, the last term in Eq. (24) does not appear to have an effect, and thus g 4 cannot be determined.
This leaves seven parameters to be determined for modeling prismatic slip, v o , Q The first four of these parameters are associated with the temperature dependent dislocation glide behavior, and the last three are primarily associated with the hardening behavior. Since we do not see a significant stress drop, which is associated with a rapid growth in the mobile dislocation density post-yield, it is reasonable to assume limited growth in the mobile dislocation density. We first estimate the four parameters, v o , Q p , n,ŝ p f , by fitting the data without evolving the dislocation densities. Next, we estimate g p 1 ; g p 2 , and g p 3 allowing the dislocation densities to evolve, and refine all the other parameters to best match the data.
There is not a unique set of parameters that provides a good fit to the data. The results are least sensitive to v o . Two extreme cases of parameters that lead to a good fit of the shear stress-strain data to within a root-mean-square deviation (RMSD) in the shear stress of 7 MPa, where Eq. (20) is used in the power law, are give in Table 1 . We findŝ f ¼ 44:7 6 0:6 MPa, and while both Q p and n increase with v o , Q p /n ¼ 1.00 6 0.03. The optimal fit for all the parameters, setting v o ¼ 10 3 m/s and considering both forms for the power law (Eqs. (20) and (21)), are listed in Table 2 and plotted in Fig. 5 . The RMSD in the shear stress is 5 MPa when Eq. (20) is used and is 13 MPa when Eq. (21) is used. Thus, the model with Eq. (20) provides a better fit to the data. The evolution of the mobile and immobile dislocation densities, assuming the model with Eq. (20) , is shown in Fig. 6 . We see that the mobile dislocation density grows rapidly and then saturates, while the immobile dislocation density continues to grow, which leads to the observed hardening behavior. Dislocation data after a mechanical test would be needed to confirm these results.
Up to this point, we have fit the model assuming single slip and ignoring lattice rotation. For the given sample orientation, there is no resolved shear stress on the basal slip systems, and the resolved shear stress on the remaining two prismatic slip systems is C, based on data from Yonenaga and Motoki [9] , corrected for machine compliance Fig. 4 Computed plastic strain rate for Yonenaga and Motoki [9] experiment at temperatures of 900, 950, and 1000 C 
where a ¼ 1 refers to the slip system oriented at 45 deg to the loading direction and a ¼ 2 and a ¼ 3 are the slip systems oriented 60 deg in either direction from the a ¼ 1 slip system, with slip planes aligned with a 2 and a 1 in Fig. 1 . For the optimal parameters listed in Table 2 and assuming the power law in Eq. (20) , the rate of shearing on slip systems 2 and 3 is always less than 1.6% that on slip system 1, and, for most of the test, no slip is predicted on slip systems 2 and 3. Thus, the single slip approximation is valid. As the deformation proceeds, the lattice will rotate according to Eq. (17) . Since the sample is fixed between the platens during the compression test, the sample is not expected to rotate, i.e., _ w ij ¼ 0, and thus for this single slip case we have
Integrating Eq. (34), using an exponential update [48] to solve for the rotation R il that defines the lattice orientation, we find that the lattice rotates 4.6 deg counterclockwise, relative to the orientation shown in Fig. 1 , during the test. Thus, the primary active slip plane ends up inclined by 49.6 deg from the compression axis. For this orientation, the resolved shear stress and rate of shearing on the primary slip system are related to the applied compressive stress and plastic strain rate jsj ¼ 0:4936jr 22 j; j _ cj ¼ 2:026je
as compared to coefficients of 0.5 and 2, respectively, at the beginning of the test. Thus, the lattice rotation represents part of the observed hardening, but the error in neglecting the lattice rotation is less than 1.5%. Finally, estimates for parameters for basal slip are made based on the molecular dynamics dislocation mobility study by Weingarten and Chung [38] . That study models a pure edge dislocation without boundary effects. They find similar mobilities for the basal and prismatic slip systems, with slightly higher mobility on the basal plane. GaN has a lattice ratio of c/a ¼ 1.63, which is the ratio for ideal packing, and, thus, slip on the basal and prismatic slip systems is expected to be equal. The strain rate sensitivity and activation energies were found to be nearly identical on the basal and prismatic slip systems, and the stress level required to move a dislocation at a given velocity on the basal plane was found to be about 70% of that required on the prismatic slip system. No information on dislocation density evolution is available from that study. Based on this limited information, the parameters for basal slip are estimated to be the same as that for prismatic slip except s b f % 0:7ŝ p f % 30 MPa. Experimental data from a single crystal oriented for basal slip is required for a more accurate estimate of the model parameters.
Discussion and Conclusions
The constitutive model developed in this work provides a framework for modeling the thermal-mechanical response of bulk wurtzite single-crystals at elevated temperatures. Model parameters for prismatic and basal slip in GaN are defined. The degree of confidence in the prismatic slip parameters is much higher than that for basal slip as the prismatic slip parameters are found by fitting available single-slip experimental data. The model could be further refined if additional data becomes available. Most useful would be data for basal slip, information on dislocation density both before and after the test, and data over a wider temperature range. The model may be used to predict both the stress state and the dislocation density under growth conditions, which are both associated with the crystal quality as excess stress may lead to cracking and a high dislocation density adversely affects device performance. Fig. 6 Computed dislocation density for the experiment [9] , at temperatures of 900, 950, and 1000 C
